What does the Letelier-Gal'tsov metric describe? 
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Recently the structure of the Letelier-Gal'tsov spacetime has be- 
. come a matter of some controversy. I show that the metric proposed 

in (Letelier and Gal'tsov 1993 Class. Quantum Grav. 10 L101) is de- 
fined only on a part of the whole manifold. In the case where it can be 
defined on the remainder by continuity, the resulting spacetime corre- 
sponds to a system of parallel cosmic strings at rest w.r.t. each other. 
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. Spacetimes with conical singularities, which presumably describe cosmic 

If} \ strings, often exhibit a rich and non-trivial structure even when they are 

flat. In studying such spacetimes it would be helpful to have a way of 
constructing them in a uniform analytical way without resorting to cut- 
and-glue surgery. One such a way was proposed some time ago by Letelier 
^Jy and Gal'tsov. Consider a manifold M = IR 2 x P, where P is a plane, coor- 

dinatized by x and y, from which N points are cut out. Endow M with the 
metric 

X" g: ds 2 = dt 2 -dz 2 -dZdZ, (la) 



where 

K N 



Z((,t)= ! f[(t-Oi(t,z))i«dZ, C^x + iy (lb) 
J S° i=l 

If N = 1 and a% = const the metric reduces to 

ds 2 = dt 2 - dz 2 - |C - ai| 2 ^(d^ 2 + dy 2 ), 

which in the case u\ > —1 is the metric of a static cosmic string parallel to 
the z-axis. So, Letelier and Gal'tsov assumed P that in the general case 
the spacetime (M, g) describes "a system of crossed straight infinite cosmic 
strings moving with arbitrary constant relative velocities" 0. On the other 
hand, Anderson [3] calculated what he interprets as the distance between 
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two strings and found that it is constant. This led him to the conclusion 
that (J2) "is just the static parallel-string metric . . . written in an obscure 
coordinate system" . Recently, however, his calculations have been disputed 
in [2j where the opposite result was obtained. The goal of the present note 
is to resolve this controversy. I show that in the general case the metric © 
is defined only in a part of M and cannot be extended to the remainder 
unless the resulting spacetime corresponds to the set of parallel strings at 
rest. 

I shall consider the case N = 2 (generalization to larger N is trivial) and 
for simplicity use the following notation 

O = a2(*o)i v = «2(to)- 

I set 

&i(to) = «i(io) = 0, Ima = Imv = 

(this always can be achieved by an appropriate coordinate transformation 
and thus involves no loss of generality). So, at t = to 

z(o = I e 1 (£ - «r de, z, t (o = -fj, 2 v [ c e 1 (e - o)^- 1 ^. (2) 
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Finally, I require that 

fix,fja>-l, (3) 

because if /Ltj ^ —1, the corresponding singularity is infinitely far and does 
not represent a string. 

Let us begin with the observation that 

(£e 2 ™ - aY ± (f - aY, when fi £ 2Z 

and therefore the function Z and, correspondingly, the metric (|la[) are gen- 
erally not defined on the whole M, Let us choose the domain Dz of Z(£) 
to be 1 P — IR+. Then we can adopt the conventions that 

C=|C|e^, C-« = |C-4^, VC&D Z , 

where <f> and if) are the angles shown in figure Q and that the integrals in 
(J2J are taken along curves T that do not intersect IR+. Substituting @ in 
(|la|) we find for any £ G Dz 

g ty (C) = - Im{Z < Z, t } = - Im {£ - a)** Z , t }. 

1 This choice is made for the sake of simplicity. Instead of IR+ one could take, say, a 
pair of curves starting from and a, respectively. The result would not change. 
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Figure 1: r+ goes along the real axis from £o> then along the upper half- 
circle of the radius e, and then along the upper bank of the cut. T_ is 
obtained from r + by reflection w.r.t. the real axis. 

In particular, picking E (0, a) we have 

g ty ((*±i0) = -e(«-Cr Imje-^^+w^Zrt^iiO)}. (4) 
Let us choose T to be those of figure ^ 

Z, t (C ± »0) = -iLiv [ e 1 (£ - o)" 2-1 ^- 

The value of the integral does not depend on e, while at e — » the contri- 
bution of the half-circle vanishes by (jSJ). Hence 

/-ICol 

Z, t (C* ± »0) = e ,ff ( w+w V / r^ 1 (r + o) Ha-1 dr 

_|_ e i7r[/i 2 +Mi(l=Fl)] 

which being substituted in @ gives 



C* 



/ r w (a - r)' 12 Mr, 
o 



9ty 



(C* ± iO) = -AtavCr (a - C*)" 2 Im {e^ 1 jf 



ICol 



r^ 1 (r + a) M2_1 dr 



and result 
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9ty((*+i0)-9ty{(*-i0) = -2^vC^{a-C*r 2 sin(7r W ) / ^{r+aY^&r. 
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Since the metric must be continuous, for a negative it follows v = 0, i. e. 
the strings are at rest with respect to each other. Repeating exactly the 
same reasoning with t changed to z one finds that d z a-z(to) = and so, the 
strings are also parallel. 

Remark. If one allows [i\ to be positive, an exception appears: the metric 
may be smooth for v 7^ if /Ui = n. The singularities of this type are 
interesting and useful 4 , but can hardly be called 'strings' (in particular 
such singularities cannot be 'smoothed out' without violation of the weak 
energy condition). 
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